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The paper focuses on application of asymptotic homogeni zation method (AHM) to calculatio n of the 
effect ive elastic constants for ﬁber reinforced periodic composite with imperfect contact conditions 
between ﬁbers and matrix. The arrangement of the ﬁbers is assumed to be parallelogram like and imper- 
fectness of the contact is modeled by linear springs. This work is an extension of previously reported 
results of López-Realpozo et al. (2011), where perfect contact between the phases of the composite with 
parallelogr am cells has been considered. The constituents of the composite are assumed to possess co- 
axial transversely isotropic properties. The obtained results are comp ared with some numerical examples 
of Hui-Zu and Tsu-Wei (1995), with the differential approach of Sevostianov and Kachanov (2007) and
with experimental results.
 2013 Elsevier Ltd. All rights reserved.1. Introduction 
Most of the presently develope d micromechani cal models of ﬁ-
ber-reinforced composites operate with perfect ﬁber–matrix bond 
and assume continuity of displacemen ts and normal stress across 
the interface. However, experiments show that local or partial deb- 
onding at interfaces is a rule rather than the exception in compos- 
ites (Rokhlin et al., 1994; Hui-Zu and Tsu-Wei, 1995 ). Another 
imperfectne ss is related to formation of the third phase during 
manufactur ing process due to chemical treatments of ﬁber sur- 
faces and partial resin crystallization (Achenbach and Zhu, 1989 ).
To describe these imperfectne sses, several approaches have been 
developed in which the bond between the inhomogene ities and 
the matrix is modeled by an interphase zone of certain thickness 
and elastic properties.
Mathematic al analyses of inhomogene ous interfaces started,
probably, with the work of Kanaun and Kudriavtsev a (1983,
1986) on the effective elasticity of a medium with spherical and 
cylindrical inclusions, correspondi ngly, surrounded by radially 
inhomogene ous interphase zones. In these papers, the basic idea ll rights reserved.
guino905@yahoo.com.mxof replacing an inhomogene ous inclusion by an equivalent homo- 
geneous one has been formulated. Such a replacement was carried 
out by modeling the inhomogene ous interface by a number of thin 
concentr ic layers. The effective elastic properties of a composite 
containing a ﬁnite concentr ation of inclusions was found by replac- 
ing inhomogeneous inclusions by equivalent homogeneous ones 
(with properties found by the multilayer approximation ) and 
applying the effective ﬁeld method, whereby each inclusion is 
placed in a certain effective stress.
The ideas developed by Kanaun and Kudriavtseva (1983, 1986)
have appeared in a number of later works (see, for example, Herve
and Zaoui, 1993 ). The basic idea of replacing inhomogene ous inclu- 
sions by equivalent homogeneous ones has been utilized in the 
majority of works on the topic. Theocaris (1985) and Theocaris 
and Varias (1986) considered the mesopha se layer as an indepen- 
dent phase of variable properties, matching those of the inclusion 
on one side and the matrix on the other. The examples of laws of 
variation of the Young’s modulus E and Poisson’s ratio m across
the interphase layer include linear, parabolic, hyperbolic and a log- 
arithmic ones. Theocaris and Varias (1986) described a model pre- 
dicting the inﬂuence of the mesophase on effective properties of 
ﬁbrous composites. Their model is based on a corrected version 
of Kerner’s model (see Christensen , 1979 ). Pagano and Tandon 
(1988, 1990) developed two models to approximate the 
Fig. 1. The cross section of a quadratic and periodic array of circular ﬁbers.
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ﬁbers oriented in various directions . The fundamenta l representa- 
tive volume element used in these papers is a three-ph ase concen- 
tric circular cylinder subjected to prescribed displacemen ts and 
surface tractions. The analysis leads to estimation of the effect of 
interphase layers on the effective thermoelast ic properties of ﬁber
reinforced composites.
Sutcu (1992) presented a simple recursive algorithm which ac- 
counts for two concentric cylinders at a time, in order to calculate 
ﬁve effective elastic constants and two linear thermal expansion 
coefﬁcients for a uniaxiall y aligned composite that contains an 
arbitrary number of coatings on its ﬁbers. The effective elastic 
properties are calculated using expressions for two phase compos- 
ites proposed by Hashin (1979) and Christensen (1979). Dasgupta
and Bhandarkar (1992) discussed a method to obtain the trans- 
versely isotropic effective thermomechan ical properties of unidi- 
rectional composites reinforced with coated cylindrical ﬁbers. In 
this work the method develope d by Benveniste et al. (1989) is ap- 
plied to composites with multiply- coated cylindrical inhomogene -
ities. Lagache et al. (1994) determined numerica lly the effect of a
mesophase using a ﬁnite element formulation in order to solve 
the local problems derived from the homogeniza tion method.
Chu and Rokhlin (1995) suggested a method for the inverse deter- 
mination of effective elastic moduli of mesopha ses using a multi- 
phase generalized self-consistent model.
The idea of approximat ing radially variable properties by multi- 
ple layers (piecewise constant variation of properties) was ex- 
plored by Garboczi and Bentz (1997) and Garboczi and Berryman 
(2000) in the context of applications to concrete composites. An 
alternative method was used by Jasiuk and Tong (1989), Jasiuk 
et al. (1992) and Wang and Jasiuk (1998). They considered a gen- 
eral composite material with spherical inclusions representing 
the interphase as a functionally graded material and calculated 
effective elastic moduli using the composite spheres assemblage 
method for the effective bulk modulus and the generalized self- 
consistent method for the effective shear modulus.
Several closed form solutions for two speciﬁc forms of radial 
variation of properties – the linear and the power law ones – have 
been produced. Lutz and Ferrari (1993) and Zimmerman and Lutz 
(1999) considered inclusions with linearly varying elastic moduli,
in the context of the effective bulk modulus. Lutz and Zimmerm an 
(1996a) considered the linear variation of the thermal expansion 
coefﬁcient. Lutz and Zimmerm an (1996b, 2005) and Lutz et al.
(1997) considered the power law variation, in the context of effec- 
tive bulk modulus and effective conductivi ty.
Alternative approach has been proposed by Hashin (1991a,b,
2002). He suggested to consider the interphase as a boundary layer 
of zero thickness with discontinuity of the displacemen ts across 
this layer. More recently, Caporale et al. (2006) used ﬁnite ele- 
ments analysis to study mechanical behavior of unidirectional ﬁber
reinforced composites with imperfect interfacial bonding. In this 
work, an interfacial failure model is impleme nted by connecting 
the ﬁbers and the matrix at the ﬁnite element nodes by normal 
and tangential brittle-elast ic springs. Bisegna and Caselli (2008)
and Artioli et al. (2010) obtained closed-form expression for the 
homogenize d longitudina l shear moduli of a linear elastic compos- 
ite material reinforced by long, parallel, circular ﬁbres with a peri- 
odic arrangement and imperfect (linear) ﬁber–matrix interface.
In the present paper we consider composite with parallelo- 
gram-like arrangem ent of ﬁbers and discuss effect of the interface 
imperfectne ss on the overall elastic moduli. The analytical expres- 
sions are obtained by two scale asymptotic homogen ization meth- 
od (see books of Sanchez- Palencia, 1980; Pobedria, 1984;
Bakhvalov and Panasenko, 1989 ). This work continues previous 
study of Guinovart-D iaz et al. (2011) where only perfect contact 
has been considered and Sevostianov et al. (2012), where square arrangem ent of ﬁbers with special type of the interface imperfect- 
ness (incompressible layer between the phases) has been dis- 
cussed. The novelty of the present analysis is that the 
formulat ion of the local problems for linear two phase elastic com- 
posites with spring imperfect contact conditions is given in general 
form. The solution for each plane local problems is found using the 
potential methods of a complex variable and the properties of dou- 
bly periodic Weierstras s elliptic functions. The complete set of 
effective elastic constants is obtained in explicit formusing the 
asymptoti c homogenizatio n method (AHM) for ﬁber reinforce d
composites with periodic parallelogra m cell of circular cylindrical 
shape periodically distributed in the matrix under imperfect con- 
tact conditions. The results are compare d with some numerica l
examples and with the results obtained by differential approach 
develope d by Sevostianov (2007) and Sevostianov and Kachanov 
(2007) extended to parallelogra m periodic cell. In this case, the iso- 
tropic interphase propertie s are related to the thickness, volume 
fraction and the spring imperfect parameters.2. Statement of the problem. Local problems based on 
asymptotic homogenization method 
Nowaday s, a wide class of materials exhibit a general anisotropic 
behavior, for instance, piezoelectric materials among others, which 
can not be isotropic and they are mainly transversely isotropic .
Therefore, the study of composites with more general anisotropic 
character in the constituents, such as, transversely isotropic is 
important as an intermediate study between elastic composites 
with isotropic phases and composites with piezoelec tric phases.
Then, in the present work we consider a two phase linear elastic 
materials with both phases being transversely -isotropic; the axis 
of transverse symmetry coincides with the ﬁber direction, which is 
taken as the Ox3 axis. The ﬁbers of circular cross-sectio n are period- 
ically distribut ed without overlappi ng in directions parallel to the 
Ow1- and Ow2-axis, where w1– 0 and w2 – 0ðw2 – kw1; k 2 RÞ
are two complex numbers which deﬁne the parallelogra m periodic 
cell of the two-phase composite. As shown in Fig. 1, the inﬁnitely ex- 
tended doubly-period ic structure is obtained from an elementary 
cell which is repeated in the two directions with fundamenta l peri- 
ods w1 and w2. The general period Pst can be deﬁned as Pst = sw1 + -
Table 1
Effective properties related to the local problems.
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are not perfectly bonded. The mechanical behavior of imperfect 
interface is modeled via a layer of mechanical springs of zero thick- 
ness. The spring constant s eK n; eK t and eK s that have dimensio n of 
stress divided by length are the measures for the magnitude of the 
associated continuities on C; indices n, t and s denote normal and 
tangential directions on the interface C. Hereafter, these constants 
are called interface parameters . The perfect bonding interface is 
achieved when the values of these constants approach inﬁnity.
The vanishing value of eK n; eK t and eK s correspond to pure debondin g
(normal perfect debondin g), in-plane pure sliding, and out-of-plan e
pure sliding, respectively . Any ﬁnite position values of the interface 
parameters deﬁne an imperfect interface. Within this approach the 
composite is modeled as a two phase material with imperfect inter- 
face conditions. The status of the mechanical bonding is completely 
determined by appropriate values of these constants.
Using the vector notation and deﬁning the spring stiffness ma- 
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1CA; ð1Þ
the mechan ical imperfec t condition (Hashin , 1990; Shodja et al.,
2006) in general may be expressed in the following form 
Tð1Þ þ Tð2Þ ¼ 0; TðcÞ ¼ ð1Þcþ1 eKsut; on C: ð2Þ
In these relations s  t indicates the jump in the quantity across the 
interface C between the ﬁber and the matrix; un, ut, us are normal 
and tangentia l component s of the displacemen t vector; Tn, Tt, Ts
are normal and tangentia l compon ents of the traction vector T
(Ti = rijnj) and n is the outward unit normal on C. The superscrip ts 
(c), c = 1,2 denote the matrix and ﬁber respective ly.
Now, the overall properties of the above periodic medium can be 
calculated using the asymptotic homogenizatio n method. In terms 
of the fast variable y, the periodic cell S is taken as a parallelogram 
in the y1y2-plane so that S = S1 [ S2 with S = S1 \ S2 = ;, where the 
domain S2 is occupied by the matrix and its complement S1 (ﬁber)
is a circle of radius R centered at the origin O (Fig. 1). The common 
interface between the ﬁber and the matrix is denoted by C.
To obtain a system of equations for displacemen ts, we substi- 
tute the constitutive equation 
rij ¼ Cijklekl; ð3Þ
(where rij, eij are the stress and strain tensors and Cijkl are compo- 
nents of the elastic stiffness tensor) and strain–displacemen t rela- 
tion into equilibrium equation. It yields a system of partial 
differentia l equation s for ui with rapidly oscillatin g coefﬁcients 
ðCijklðyÞuak;lðxÞÞ;j ¼ 0; in X: ð4Þ
The boundar y and interface conditio ns are 
uai ¼ u0i on @Xu; raijnj ¼ S0i on @XT ; ð5Þ
where @Xn@Xu = @ XT, and u0i ; S0i are the prescribed displacem ents 
and tractions on the external boundary . In order to study the imper- 
fect contact conditio ns, the relations between the displace ment and 
traction vectors (1) are related to their Cartesian represe ntations by 






















1CA: ð6ÞThus, the expression (2) on C, can be rewritte n in the following 
indicial form,
Tð1Þ þ Tð2Þ ¼ 0; ð7Þ
TðcÞn ¼ ð1Þcþ1 eK nsunt; TðcÞt ¼ ð1Þcþ1 eK tsutt; TðcÞs
¼ ð1Þcþ1 eK ssust: ð8Þ
It is well known, that there exists different mathem atical ap- 
proaches for calculating effective properties in composite materials ,
such as, variational methods, self-cons istent scheme, microme chan- 
ics procedures , numerica l algorithms, etc. In this work we applied 
the two scale asympt otic homoge nization method (AHM) (see
books of Sanchez-Pale ncia, 1980; Pobedri a, 1984; Bakhvalov and 
Panasen ko, 1989 ) for computin g the overall properti es of ﬁbrous
compos ites. This is a rigorous mathemat ical theory for investigatin g
both macrosco pic and microscop ic properties of such kind of heter- 
ogene ous media. From a mathemat ical point of view, this method 
guarant ees that the solution of the original problem with a periodic 
microstruc ture converg es to the solution of the homoge nized prob- 
lem as the microstructur e period goes to zero. In this way, a transi- 
tion method from the initial problem to a homogeneous body one is 
indicate d, but this requires the solution of the so-called unit cell (or
local) problem.
Using AHM, it is possible to obtain an asymptoti c solution of the 
boundary -value problem (4)–(8) as e? 0. The solution has the 
form of a series in powers of e with coefﬁcients depending on both 
the variables x and y = x/e treated as independen t; they are re- 
ferred as the slow or macroscopic and fast or microscopic variables,
respectivel y, where e = l/L is a small dimensionless parameter and L
is a linear dimension of the body. Here, the solution is explicitly 
posed as 
ueðxÞ ¼ uð0ÞðxÞ þ euð1Þðx; yÞ þ Oðe2Þ; ð9Þ
where u(0) satisfy the homogenized system of differentia l equations 
Cijlku
ð0Þ
l;kj ¼ 0; on X ð10Þ
and the asterisk denotes the overall elastic properties . The term u(1)
represe nt a correction of the u(0). Function u(1) is found in combina -
tion of function M(y) represe nting solution of the local problem and 
the partial derivativ es of u(0).
Then, the original constituti ve relations with rapidly oscillat- 
ing material coefﬁcients (4) are transformed into equivalent sys- 
tem (10) with constant coefﬁcients C⁄ which represent the 
effective elastic stiffnesses of the equivalent homogen eous 
medium.
The main problem to obtain average coefﬁcients is to ﬁnd the 
periodic solutions of six pqL local problems on S in terms of the 
fast variable y, where p,q = 1,2,3. Each local problem uncouples 
into sets of equations, i.e. plane-strain and antiplane-strai n sys- 
tems. Table 1 shows the correspondenc e between the effective 
propertie s and the local problems. It is well known that compos- 
ites usually made from two isotropic phases with hexagonal or 
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behavior due to the microstructure (Sevostianov et al., 2012 ).
Moreover, due to the effect of the arrangement of the cells the 
global behavior of composites with transversely isotropic phases 
is related to monoclinic class symmetry which contains 13 differ- 
ent elastic coefﬁcients (Royer and Dieulesaint, 2000; Guinovart- 
Diaz et al., 2011 ).
In the present work, the pqL problem correspond s to ﬁnding dis- 
placements pqM(c)(y) in Sc, c = 1,2 (double periodic functions with 
w1, w2) from the following system of partial differential equations 
pqrðcÞid;d ¼ 0 in Sc; ð11Þ
where
pqrðcÞid ¼ CðcÞidkk pqMðcÞk;k; ð12Þ
the comma notation denotes a partial derivative relative to the yd
component (i.e., U,d  @U/@yd).
Thus the expression (7) and (8) on C for the pqL problem can be 
expressed in the following indicial form,
pqT
ð1Þ þ pqTð2Þ ¼ 0; ð13ÞpqT
ðcÞ
n ¼ ð1Þcþ1 eK nspqMnt; ð14ÞpqT
ðcÞ
t ¼ ð1Þcþ1 eK tspqMtt; ð15ÞpqT
ðcÞ
s ¼ ð1Þcþ1 eK sspqMst; ð16Þ
where Mn, Mt, Ms and Tn, Tt, Ts have the same meaning as (1) but 
adequate to pqL problems. To assure the solution of the pqL problems
is unique, the functions also satisfy conditio n that hpqMki = 0, where 
the angula r brackets deﬁne the volume average per unit length over 




. The symmetry betwee n
the indices p and q shows that at most six problems need to be con- 
sidered. Once the local problems are solved, the homogen ized mod- 
uli Cijpq may be from the following formula e:
Cijpq ¼ hCijpq þ Cijkl pq Mk;li: ð17Þ
The potential method of complex variable s z = y1 + iy2, (y1,y2) 2 S
and the properties of doubly periodic Weierstras s function 








, Pst = sw1 + tw2, s, t = 0,±1,±2, . . . , and re- 
lated functions (Z-function f(z) = }0(z) and Natanzon ’s function 
Q(z)) are used for the solution of the local problems (11)–(16).
Hence, the non-zero solution pqM
ðaÞ
k in Sa of the problem (11)–(16)
must be found among doubly periodic functions of periods w1, w2
(see Fig. 1). Each local problem (11)–(16) uncouples into sets of 
equations. An in-plane strain system for pqM
ðaÞ
k ; k ¼ 1;2 and an 
out-of-pla ne strain Laplace’s equation for pqM
ðaÞ
3 has to be solved.
Then the solutions for the in-plane (out-of-plane) strain problems 
involve the determina tion of the in-plan e (out-of-plane) displace- 
ments, strains and stresses over each phase Sa of the composite .
Due to the non-vanish ing component s of the elastic tensors CðaÞijpq,
the only non-homog eneous proble ms, that have a non-zero solu- 
tion, corresp ond to the four in-plane strain proble ms jjL and 12L,
and the two out-of-pla ne strain ones 23L and 13L. In that way the 
solution s for both (in-plane and out-of-plan e) local problems lead 
to obtain the averag e coefﬁcients of the compos ite given in Fig. 1
(sixpqL problem s need to be considered due to the symmetry be- 
tween p and q).3. Solution of plane problem jjL and the effective coefﬁcients
Let, in this section U(c) = jjM(c) and the jj presubind ices are 
dropped from all relevant quantities. From the Eqs. (11)–(16),
using relation (6) we have 
rðcÞad;d ¼ 0 in Sc; where rðcÞad ¼ CðcÞadbk UðcÞb;k; ð18Þ
srðcÞad ndt1 ¼ sCadjjt1nd on C; ð19Þ
rð2Þ11 n
2
1 þ rð2Þ22 n22 þ Cð2Þ11jjn21 þ Cð2Þ22jjn22 þ 2rð2Þ12 n1n2
¼ ð1Þ1þc Knm1
R
ðsUðcÞ2 tn1 þ sUðcÞ1 tn2Þ on C; ð20Þ
rðcÞ11  rðcÞ22 þ CðcÞ11jj  CðcÞ22jj
 h i








rðcÞ11 ¼ ðkc þ mcÞUðcÞ1;1 þ ðkc  mcÞUðcÞ2;2;
rðcÞ22 ¼ ðkc  mcÞUðcÞ1;1 þ ðkc þ mcÞUðcÞ2;2;






0@ 1A ¼ ReKm1 is a matrix dimensionless parameters.
Parameterk = (C1111 + C1122)/2 is theplane-strainbulkmodulusfor lateral
dilatation without longitudinal extension; m = C1212 = (C1111  C1122)/2
is the stiffness for longitudinal uniaxial strain.
It can be recognized that the structure of Eqs. (18) and (22) is
one of plane-strain isotropic elasticity except that the usual Lame 
constant s k and l are here identiﬁed with kc  mc and mc, respec- 
tively. The method of complex variables in terms of two harmonic 
functions uc(z) and wc(z) and the Kolosov-Muskh elishvili complex 
potential s can be applied. The potentials are related to the dis- 






¼ jcucðzÞ  zucðzÞ  wcðzÞ; ð23Þ
rðcÞ11 þ rðcÞ22 ¼ 2ðu0cðzÞ þ u0cðzÞÞ; ð24Þ
rðcÞ22  rðcÞ11 þ 2irðcÞ12 ¼ 2ðzu00cðzÞ þ w0cðzÞÞ; ð25Þ
where the prime denotes a derivativ e with respect to z, the overbar 
means complex conjug ate and jc ¼ 3  4mTc , where mTc is the trans- 
verse Poisson’s ratio.
Using formulae (24) and (25), the contact conditions (19)–(21)
are transformed according to the Kolosov–Muskhelishvili complex 
potential s in the following form 
zu01ðzÞ þ w1ðzÞ þu1ðzÞ þ zc1j þ zc2j
¼ zu02ðzÞ þ w2ðzÞ þu2ðzÞ; ð26Þ
2Rvme2ih zu00aðzÞ þ w0aðzÞ
 þ 2Rvme2ih zu00aðzÞ þ w0aðzÞh i
 4Rvm u0aðzÞ þu0aðzÞ
  4Rvmc4j þ 2Rvmðe2ih þ e2ihÞc3j
¼ Kn vm vð1Þu1ðzÞ  zu01ðzÞ  w1ðzÞ
 
 vð2Þu2ðzÞ  zu02ðzÞ  w2ðzÞ
 	
eihþ
 Kn vm vð1Þ u1ðzÞ  zu01ðzÞ  w1ðzÞ
 
 vð2Þ u2ðzÞ  zu02ðzÞ  w2ðzÞ
 	
eih; ð27Þ
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h i
eih  2Rvm zu002ðzÞ þ w02ðzÞ
 
e3ih
 2c3jRvmðe3ih  eihÞ
¼ Kt vm j1u1ðzÞ  zu01ðzÞ  w1ðzÞ
 
 j2u2ðzÞ  zu02ðzÞ  w2ðzÞ
 
 vm j1u1ðzÞ  zu01ðzÞ  w1ðzÞ
 
e2ih






vm ¼ m2=m1; 2c1j ¼ Cð1Þ22jj  Cð2Þ22jj þ Cð2Þ11jj  Cð1Þ11jj;
2c2j ¼ Cð1Þ11jj  Cð2Þ11jj þ Cð1Þ22jj  Cð2Þ22jj;
2c3j ¼ Cð2Þ22jj  Cð2Þ11jj; 2c4j ¼ Cð2Þ22jj þ Cð2Þ11jj: ð29Þ
The complex potential s uc(z) and wc(z) are consid ered for the peri- 
odic cell that contains the origin of coordinates in the following 
form





ðk  1Þ! ;




















(for the ﬁber phase).
In the foregoing deﬁnitions f(k1)(z) denotes the doubly–peri-
odic (k  1)th derivative of the Weierstrass Zeta quasi-per iodic 
function f(z), }(z) = f0(z), Q(k1)(z) is the doubly-period ic (k  1)th
derivative of Natanzon ’s quasi-per iodic function, and the symbol P indicates a sum over the indices k = 1,3,5, . . . , meanwh ile con- 
stants a0, b0, ak, bk, ck and dk (k = 1,3,5, . . .) are all complex and 
undeﬁned.
Next, accounting for the double periodicity of matrix displace- 
ments U(1), using Legendre’s relation and the properties of the dou- 
bly periodic functions, coefﬁcients a0 and b0 can be written as 
follows
a0 ¼ A1R2a1 þ A2 þ A2j1ðj1  1Þðj1 þ 1ÞR
2b1;




w1w2  w1 w2 ; A2 ¼
d1w2  d2w1
w1w2  w1 w2 and
A3 ¼ c1
w2  c2 w1
w1w2  w1 w2 ;
di ¼ fðz þ wiÞ  fðzÞ; ci ¼ Qðz þ wiÞ  QðzÞ  wi}ðzÞ; i ¼ 1;2:
Replacing (30) and (31) into (26)–(28) the following relations be- 
tween the unknow n constants of the above expansio ns are 
obtained



















gkpþ2ak; ð34Þc1 ¼ 12ðj2 þ 1Þ C
þ
1 A1R














































P ¼ B j2  1
2a0





















2 þ ðj2þ1Þ2 ; Refzg and Imfzg denote
real and imaginary part of complex number z. Then,











Ap ¼ ðp þ 2ÞðKnKtð1  vmÞ þ pðKn  KtÞvm þ ðKn þ KtÞvmÞ;
Bp ¼ KtKnð1  vmÞ þ pðKn  KtÞvm;
Cp ¼ KnKtðj2 þ vmÞ þ ðp þ 2ÞvmððKn þ KtÞp þ Kn  KtÞ;
Dp ¼ pvmðKn þ KtÞ; Ep ¼ ApDp  CpBp;
dik is the Kronecker’s delta function, C
n
k is the binomial coefﬁcient,
V1, V2 are the area of the matrix and ﬁber respective ly, V1 + V2 = 1.
The parameter s involve d in this expression are as follows 
gkp ¼ k












p w1 þ q w2
ðpw1 þ qw2Þnþkþ1
;
p2 þ q2 – 0; p,q-integ er numbers.
The above expression (33)–(37) depend on the unknown 
paramete r ap which can be calculated from the following system 
of algebraic equations 






Mkpak ¼ H3pRc2j; ð38Þ
where p = 1,3,5, . . . ,
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H2p ¼ BA3R2d1p  ðg1p  A1R2d1pÞR2A1C;
Mkp ¼ BGkp  BD0p gkþ2p þ ðg1p  A1R2d1pÞCgk1 þ B0p A0p
 1
gk pþ2;
Wkp ¼ BC0krkp þ ðg1p  A1R2d1pÞCgk1;






















C0p ¼ 1 þ KnKtvmð1 þ j1Þ
Bp
Ep








gkigip; Gkp ¼ ðp þ 2Þgkðpþ2Þ þ kgkþ2p þ kRpþkCppþkTpþk:
Eq. (38) represents an inﬁnite linear system from which we can cal- 
culate coefﬁcients ap as, for example in Rodríguez-Ramos et al.
(2001).
















C1233, is necessary to apply the Green’s theorem to (17) on the 
interface C, using the condition (23) and the orthogon ality of the 
trigonometr ic functions. Then 











C11jj þ C22jj ¼ hC11jj þ C22jji  2V2
sktc2j
m1








C33jj ¼ hC33jji  V2
sC1133tc2j
m1











where Dj = c1/(Rvmc2j), a1j denotes the residue a1 of the function 
u1(z) in (30) for each proble m jjL.
The following analytica l expressions of the effective proper- 
ties are obtained replacing the previous equalities (29) into
(39)–(41),
C1111 ¼ hC1111i  V2
skt2
m1
Refj2D1  D1g  V2sktðj1 þ 1ÞRe a11Rskt
 





C1122 ¼ hC1122i  V2
skt2
m1
Refj2D2  D2g þ V2sktðj1 þ 1ÞRe a12Rskt
 


















C2222 ¼ hC2222i  V2
sk2t
m1

























































: ð50Þ4. The plane problem 12L and effective transverse shear 
Let U(c) = 12M(c), then, using (6) and Eqs. (11)–(16), the local 
problem can be stated as follows 
rðcÞad;d ¼ 0 in Sc; where rðcÞad ¼ CðcÞadbkUðcÞb;k; ð51Þ
srðcÞad ndt ¼ sCad12tnd on C; ð52Þ
rðcÞ11  rðcÞ22
h i




¼ ð1Þ1þc eK t sUðcÞ2 t n1  sUðcÞ1 t n2  on C; ð53Þ
rðcÞ11 n
2
1 þ rðcÞ22 n22 þ 2ðrðcÞ12 þ CðcÞ1212Þn1n2
¼ ð1Þ1þc eK n sUðcÞ1 tn1 þ sUðcÞ2 tn2  on C: ð54Þ
Once the plane problems jjL have been solved, it is easier to solve 
the plane problem 12L. This can be realized if (52)–(54) are ex- 
pressed in terms of the Kolosov–Muskhelishvili complex potenti als 
(24) and (25). Conseque ntly, we obtain similar expressions to (26)–
(28) with c1j ¼ i Cð1Þ1111  Cð1Þ2211  Cð2Þ1111 þ Cð2Þ2211
 
¼ ismt; c2j
¼ c4j ¼ 0, c3j ¼ i Cð2Þ1111  Cð2Þ1112
 
¼ im2. The complex potent ials 
uc(z) and wc(z) have the same form as (30) and (31). The unknow n
constan t ap that appear now in the relatio n (30) and (31) can be 
Fig. 2. Fiber and interphase layer for the differential approach.
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hand side term H3pRc2j is now replaced by 






d1p. The remaining unknow n con- 
stants a0, b0, bp, cp and dp (p = 1,3,5, . . .) are obtained using relations 
(32)–(37).






1212 can be calcu- 
lated from (17), applying the Green’s theorem on the interface C:
C1212 ¼ Cð1Þ1212  V2smtðj1 þ 1ÞImfa1g; ð55Þ
C1112 þ C2212 ¼ 2V2
smtskt
m1















where D = c1/(Rvmsm t) and a1 denote the residue of the function 
u1(z).
Finally, the antiplane problems 13L, 23L and the effective axial 
shear moduli for parallelo gram periodic cell have been previously 
derived by López-Realpozo et al. (2011) as follows:
C1313 ¼ Cð1Þ1313ð1  2V2bz22=jZjÞ;
C2313 ¼ C1323 ¼ 2Cð1Þ1313V2bz21=jZj;
C2323 ¼ Cð1Þ1313ð1  2V2bz11=jZjÞ;
ð59Þ







1313ð ÞKsþCð2Þ1313 and jZj denotes the determina nt of 
numerica l symme tric matrix reported in López-Realpozo et al.
(2011), formula (29).
Formulae (42)–(50), (55) and (59) give explicit exact analytical 






















C2323 of a ﬁber reinforced composite with parallelogra m periodic 
cell and spring-like imperfect contact at the interface. These 
closed–form expressions provide explicit dependence of the over- 
all propertie s on: (a) The mechanical properties of the constituents,
(b) the volumetric fraction of each material phase and, (c) the 
dimensions of the representative volume of analysis and (d) the 
normal and tangential imperfect interface parameters Kn, Kt and Ks.
5. Effective inhomogeneity – different ial approach 
To use the differential approach in the form developed by 
Sevostianov (2007) and Sevostianov and Kachanov (2007), we ﬁrst
ﬁnd the elastic constants of the equivalent homogeneous ﬁber of the 
radius equal to the sum of the radius of the core inhomogene ity 
and the thickness of the interphase layer. This equivalent inhomo- 
geneity has to produce the same effect on the overall elastic moduli 
as the above described ‘‘structured ’’ inclusion.
We ﬁrst outline the basic logic of the mentioned differential tech- 
nique ﬁrst proposed by Shen and Li (2003, 2005) on the base of Mori–
Tanaka effective ﬁeld scheme. We denote by C one of the in-plane 
elastic moduli, either the bulk one, k = (C1111 + C1122)/2, or the shear 
one, G = C1313. The interface layer has the inner and the outer radii R2
and R1 = R2 + h, respectively (Fig. 2).
The inner core of radius R2 has modulus C(2) and the interface 
modulus varies across the thickness: CI = CI(R). We aim at ﬁnding
modulus Ceq = Ceq(R1) of the equivalent homogeneous inclusion of radius R1. We consider a certain ‘‘current’’ radius R2 < r < R1 and
then add an incremental layer dR of the interface material,
R? R + dR, assuming that the inclusion of radius R is homogen eous 
(homogenized at the previous step, Fig. 2). To ﬁnd the correspond -
ing incremen t of modulus of the equivalent homogeneous inclu- 
sion, we model this enlargem ent by placing the inclusion of 
radius R into a matrix that has the property of the interface CI(R).
Volume fraction of the mentioned inclusion in the matrix is the ra- 
tio of the volume of the inclusion of radius R to the volume of the 
enlarged inclusion of radius R + dR. It is close to unity and, to the 
ﬁrst order, is 1  2dR/R.
To ﬁnd the modulus Ceq of the equivalent homogeneous inclu- 
sion, we treat this system as a composite with volume fraction of 
inclusions approaching unity and use Hashin lower bound (Hashin,
1965) to estimate its effective properties. This bound is actually 
accurate in the present context: for an inclusion that is stiffer than 
the matrix (k2 > k1, G2 > G1), of all the cylindrical inclusion shapes 
of given volume, the circular cross-sec tion produces the smallest 
effect on the overall elasticity (see, for example Walpole, 1969 ).
For in-plane bulk and shear moduli, Hashin lower bounds have 
the following form:







Paramet er að1ÞC is expressed in terms of Poisson’s ratio mI of the inter- 
face layer: að1ÞC ¼ ð5  4mIÞ=½2ð1 þ mIÞ if C is in-plane bulk modulus ,
að1ÞC ¼ ð5  4mIÞ=ð4  5mIÞ if C is the in-plane shear modulus and 
að1ÞC ¼ 2, if C is out-of- plane shear modulus. Two other trans- 
versely -isotropic constants are not independen t and are connected 





1111 þ Cð2Þ1122  CV1111  CV1122







where superscript V denotes the Voigt arithmetic average (for in- 
stance, CV1133 ¼ ð1  V2ÞCð1Þ1133 þ V2C21133 Þ.
Although mI may be variable across the interface, its variation 
does not produce substantial changes in aIC . Indeed, changes of mI
between 0.2 and 0.4 (that is very large, corresponding, for example 
to variation between ceramics and polymer!) yields variation in aIC
for in-plane shear modulus between 1.4 and 1.8 respectively . For 
in-plane bulk modulus – the variation is slightly higher – between 
1.75 and 1.21. In absence of any data on this variability, aIC may be 
Table 2
Material parameters used in the computations.






A Fiber 960 0.2 400 
Matrix 2.78 0.39 1
B SCS 6
ﬁber
399.6 0.250 159.8 
Ti-15-3 
alloy 
92.3 0.351 34.2 
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duced by such an approximation to several percent, value of m
may be taken as the average between the extreme ones. However ,
it is not necessary. Applying result (60) to the system ‘‘core inclu- 
sion – inhomogene ous layer’’ yields, in the limit V2? 1,




Taking into accoun t that V2 = 1  2dR/R, one arrives at the following 












subject to the initial conditio n Ceq(r0) = C(2) where C(2) is the modu- 
lus of the inner core. Solving this equation and setting R = R1 = R2 + h
gives Ceq(R1).Fig. 3a. Comparison between AHM-spring model and differential approa
Fig. 3b. Comparison between AHM-spring model and differential approach In the simplest case of interest when interface zone is homoge-



















Now, effective properti es of a ﬁber reinforced composite with any 
arrangem ent of ﬁbers may be calculate d using Eq. (64) and asymp- 
totic homoge nization technique. For rhombic arrangem ent of ﬁbers,
we can use results of formula (2.9) in Rodríguez-Ramos et al.
(2012).6. Analysis of numeric al results 
In this section, we compare predictio ns via analytica l expres- 
sions (42)–(50), (55) and (59) with results obtained by differential 
approach discussed in the previous section.
Mechani cal properties for two different ﬁber-reinforced com- 
posites A and B with isotropic interphases are calculated . The 
material paramete rs used in the calculatio ns are given in Table 2.
From now on, the material properties are written in the short index 
notation, i.e. the stiffness coefﬁcients are presente d with two 
indices.
Fig. 3 illustrates the normalized effective bulk and transverse 
shear moduli as functions of the shear modulus of the interphase 
for different values of ratio g = t/R for composite A. Figs. 3a and 
3b illustrates comparison between AHM-spring model and Differ- 
ential Approach (DA) for the above composite with rhombic cell ch (DA) for thick thickness interface g = 0.1, and parallelogram cell.
(DA) for very thin thickness interface g = 0.001, and parallelogram cell.
Fig. 3c. Comparison between AHM-spring model, AHM-three phase model and differential approach (DA) for thin thickness interface g = 0.1 and square cell.
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The Poisson ratio of the interphase is mI = 0.3. The relation between 
the spring paramete rs and the interphase properties are given by 
relations Kt = Ks = mI/g, Kn = EI (1  mI)/(1 + mI)(1  2mI)g (see Ha-
shin, 2002 ) where the interphase propertie s are denoted by EI, mI
and mI.
The effective elastic moduli were calculated for ﬁber volume 
fraction V2 = 0.4. In all ﬁgures there exist an interval (0 < log (mI/
m1) < 5) where the interphase does not produce noticeable effect 
on the effective properties. This interval grows up with decreasing 
thickness of the interphase DA and AHM-spring model show that 
the effective properties become weaker as the interphase proper- 
ties (mI/m1)? 0. Vice versa, as (mI/m1)? 1 the effective stiffness- 
es grow up. In Fig. 3a , the thick interphase g = 0.1 is considered.
The different ial approach reﬂected the inﬂuence of the thickness 
of the interphase which characterizes the properties of three-phase 
composites (ﬁber/interphase/matrix) whereas the AHM-spring 
model as (mI/m1)?1 depicts the global properties for two phase 
composites with perfect contact. However, in Fig. 3b , for a very thin 
interphase, g = 0.001 and (mI/m1)?1 both models describe the 
effective propertie s of two-phase composite (ﬁber/matrix) with 
perfect contact at the interface. In particular, the differential ap- 
proach shows dependence on the contrast of the properties m2/
m1 and the thickness t. As m2/m1 = 400 is very large and 
g = 0.001 the models coincide in the whole range of interphase 
properties. Fig. 3c shows the aforementione d effective properties 
for a composite A with square cell and thick interphase g = 0.1.Table 3
Comparison of the effective properties calculated by different order of truncation N0 of t
V2 = 0.7 8. Perfect and imperfect contact, for two different contrasts of ﬁber and matrix are
K C11 þ C12
 
=2 C44




0 0.0133 0.0103 0.0086 0.0084 0.0641 0.0405
6 0.5204 0.5203 0.5204 0.5204 2.3029 2.3026
20 0.9903 0.9902 0.9903 0.9903 3.1835 3.1942
120 1.5043 1.5046 1.5044 1.5044 3.7491 3.8001
400 1.6285 1.6291 1.6289 1.6289 3.8488 3.9129
10 12 1.6892 1.6900 1.6900 1.6899 3.8935 3.9643
Pobedria 1.6890 1.6898 1.6899 1.6899 3.9436 3.9761
Cð2Þ66 =C
ð1Þ
66 ¼ 400 
0 0.0124 0.0090 0.0074 0.0074 0.0641 0.0405
6 0.6334 0.6334 6.0000 0.6336 3.6452 3.6455
20 1.5773 1.5776 1.5775 1.5775 7.3012 7.5662
120 4.3615 4.4062 4.4126 4.4126 12.5760 16.056
400 6.6019 7.1650 7.3159 7.3161 14.0990 20.045
10 12 8.8540 11.3930 13.6680 13.9080 14.8820 22.617
Pobedria 8.1335 12.7310 13.9080 13.9140 19.4450 28.362The present models derived by DA and AHM-spring are compare d
with AHM-three phase model (Sevostianov et al., 2012 ). DA coin- 
cides with AHM-three phase whereas the AHM-spr ing model de- 
scribes mainly the properties of two-phas e composites (ﬁber/
matrix) where the imperfection of the interface is registered by 
the spring parameter. This is a justiﬁcation, from a constitutive 
modeling point of view, on discrepancies between the DA and 
AHM-spr ing, for some range of coating thicknesses given in 
Figs. 3a and 3c .
The above computations by AHM were made for N0 = 10, where 
N0 denotes the number of equation s considered in the solution of 
the inﬁnite algebraic system of Eq. (38). The solution to the inﬁnite
order algebraic system (38) is achieved by means of truncation to a
inﬁnite order and the Cramer’s rule. A fast convergence of succes- 
sive truncations is ensured because the system is regular (see ref- 
erences in Rodríguez-Ramos et al., 2001 ) so that successive 
approximat ions can be applied. In general, for low volume fraction 
of ﬁber (V2 < 0.4) the accuracy and converge nce of the results are 
good for much smaller values of N0 (N0 6 2). More terms are re- 
quired for high volume fraction of ﬁbers as well as high contrast 
of ﬁber and matrix Cð2Þ66 =C
ð1Þ
66 . An analysis of computational cost re- 
quired to grant pre-ﬁxed accuracy in depende nce of volume frac- 
tion and material properties is given in Table 3 for a composite A
with ﬁber volume fraction V2 = 0.78 for two different contrasts of 
ﬁber and matrix and square cell. In particular, the case of nearly 
touching ﬁbres (percolation) is included. In Table 3 the effective 




66 are calculated by different order he system (38) for a composite A with square cell and perc olation volume fraction 
 illustrated.
C66
N0 = 10 N0 = 20 N0 = 1 N0 = 3 N0 = 10 N0 = 20 
 0.0286 0.0279 0.0131 0.0031 0.0005 0.0002 
 2.3026 2.3026 1.6718 1.6716 1.6710 1.6710 
 3.1946 3.1946 2.5468 2.5504 2.5501 2.5501 
 3.8068 3.8068 3.2101 3.2525 3.2651 3.2651 
 3.9233 3.9233 3.3379 3.3982 3.4192 3.4193 
 3.9770 3.9771 3.3965 3.4668 3.4934 3.4936 
 3.9771 3.9771 3.4668 3.4924 3.4936 3.4936 
 0.0286 0.0279 0.0131 0.0031 0.0005 0.0002 
 0.6336 3.6454 2.1855 2.1847 3.6454 2.1826 
 7.5823 7.5823 4.3088 4.3591 4.3609 4.3609 
0 17.3630 17.3740 7.4892 8.8572 9.4000 9.4018 
0 24.0950 24.2400 8.4658 11.1640 13.0700 13.1070 
0 30.3540 31.0040 8.9800 12.7760 16.8770 17.1000 
0 31.0070 31.0230 12.7760 16.1660 17.1000 17.1060 
Fig. 4. Comparison between AHM spring model for different values of imperfect 
parameter K and experimental data reported in Fig. 15 by Hui-Zu and Tsu-Wei 
(1995).
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tions are studied considering the imperfect parameters within the 
range empty ﬁber K = 0 and perfect contact K = 10 12. In order to 
illustrate the effect of the order of truncation of the system, the 
perfect case reported by Pobedria 1984 is taking into considerati on 
as reference. For instance, in contact perfect case, N0 6 10 gives a
good approximat ion for low contrast of ﬁber and matrix. However ,
more terms are required for high contrast between ﬁber and ma- 
trix, in particular N0 > 10 gives an approximation with absolute er- 
ror less than 1%. The absolute error between two presented 
consecutive truncation for the imperfect case is very low.
To investigate the consistency of the present model for compos- 
ites with periodic square cell a comparis on with experimental re- 
sults is shown in Fig. 4. The comparison between AHM spring 
model for different values of imperfect parameter K = Kt = Kn and
experimental data reported by Hui-Zu and Tsu-Wei (1995) is given.
Fig. 4 illustrates the analytical transverse Young’s modulus Et =E1 of
the SCS6/Ti-15-3 composite B. One can observe good agreement be- 
tween experimental results and analytical predictions for K = 7,14.
The case K = 10 10 corresponds to the perfect bonding and K = 10 10
to completely debonded ﬁbers. The correspond ing curves are 
upper and lower bounds respectivel y for all the curves obtained.
These curves coincide with the curves in Fig. 15 in the paper of 
Hui-Zu and Tsu-Wei (1995).
The relevance of the analytica l solutions to composites that 
contain randomly located inclusions has been studied in previous 
works. For instance, comparis on of the effective properties of ﬁber
reinforced composites with periodic and random structure was 
given by Sevostianov et al. (2006), Sevostianov and Sabina 
(2007), Levin et al. (2008). It was shown that, for volume concen- 
tration of ﬁbers smaller than 0.5, the effect of periodicity is 
negligible.
7. Conclusions 
Analytical expressions for effective elastic stiffnesses of a ﬁber
reinforced composite with imperfect contact between matrix and 
ﬁbers are obtained using asymptotic homogeniza tion method for 
parallelogra m-like arrangement of ﬁbers.
The Hill universa l relations are satisﬁed for these formulae . The 
following items are obtained from the previous numerical analysis 
where the interface effects are modeled as distributed mechanical 
springs.(a) The mechanical behaviors of ﬁbrous composite are inﬂu-
enced by the stiffness of the spring parameter. The present 
numerical results of the effective shear and Young’s modulus 
versus the ﬁber volume ratio are correlated very well with 
other results for perfect and imperfect bonding case, and 
by the three phase model.
(b) At the ﬁxed ﬁber volume ratio, the effective shear modulus 
of composite increases as the stiffness of the interphase 
increases.
(c) In the asymptoti c limit, we can simulate different degrees of 
the interface’s response, the case of the perfect bonding as Kt,
Ks?1 and complete separation of the matrix and inclu- 
sions as Kt, Ks? 0.
(d) The analytical expressions are validated by experime ntal 
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